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1. Introduction 



In this article we apply representation theory of Yangians to the classical invariant 
theory. Let us consider the action of the Lie algebra flljv ^ 0^m the space V of 
5y ■ polynomial functions on ® . This action is multiplicity- free, and its irredu- 
^ . cible components are parametrized by Young diagrams A with not more than A^, M 
O \ rows. As a result, the space X of gl^v x - invariant differential operators on 
C ® C with polynomial coefficients splits into a direct sum of one-dimensional 
CN ' subspaces parametrized by the diagrams A . It is easy to describe these subspaces. 
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Let Xia with i = 1, . . . , and a = 1, . . . ,M be the standard coordinates on 



CN . the vector space C ® C . Let dia be the partial derivation with respect to the 



coordinate Xia ■ Suppose that the diagram A consists of n boxes. Let x\ be the 



Q \ irreducible character of the symmetric group 5"^ parametrized by A . Then the 
^ ' one-dimensional subspace in X corresponding to A is spanned by the operator 

ill) V V V ^^^-x- X- -d d 



where the indices ii, . . . ,in and ai,...,an run through 1,...,A^ and 1,...,M. 



^ I On the other hand, the action of the Lie algebra glj^ in the space V extends to 

■ the action of the universal enveloping algebra U(gl^) by the differential operators 
with polynomial coefficients. The space I is then the image of the centre of U(g[^) ; 
see for instance [HU] . In this article we give an explicit formula for a central element 
of U(g[^) corresponding to the operator (1.1). In the case when the diagram A 
has only one column this formula was discovered by A. Capelli [C]. In the other 
particular case when A consists of only one row this formula was found in [Nl]. 

To derive an explicit formula for the general diagram A we employ representation 
theory of the Yangian Y(gl^) of the Lie algebra gl^y . The Yangian Y(g[jY) is a 
canonical deformation of the universal enveloping algebra U(g[7v[^]) in the class of 
Hopf algebras [Dl]. Moreover, it contains U(0[^) as a subalgebra and admits a 
homomorphism tt : Y(0[^) U(0[jy) identical on U(g[^) . Thus the irreducible 
representation ttx of the Lie algebra gl^ corresponding to A can be regarded as 
a representation of the algebra Y(g[jY) • 

We use the notion of a universal -matrix for the Hopf algebra Y(g[^), cf. [Dl]. 
Let A : Y(g[^) — * Y(g[jY) (g) Y(g[^) be the comultiphcation of Y(g[^) . Denote by 
A' the composition of A with permutation of tensor factors in Y(g[^) ® Y(gl;Y) . 
The algebra Y(g[^) has a canonical family of automorphisms parametrized by 
z eC. The universal -matrix for Y(g[^) is a formal power series TZiz) in z~^ 
with coefficients from Y(g[;Y) (g) Y(g[;Y) the leading term 1 such that 
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For the description of the series TZ{z) see Section 3. The image tta ® tt {TI{z)) 
is a rational function in z with at most n poles. These poles are contained in the 
collection of the contents ci, . . . ,Cn of the diagram A ; see Section 2. Denote by i/jx 
the trace of the representation tta of Y(gljv) and consider the polynomial in z 

(1.3) iPx®7^{n{z)) ■{z-ci)...{z-Cn) 

valued in the algebra \J{glj^) ; cf. [D2,RS]. We prove that the value of polynomial 
(1.3) at 2: = is the central element corresponding to the operator (1.1). 

There is an explicit formula for the polynomial (1.3). Denote by A*^ the Young 
tableau obtained by filling the boxes of the diagram A with the numbers 1, . . . ,n 
by columns. Suppose that ci, . . . ,Cn are the contents of the respective boxes of A . 
Denote by Sx and Tx the subgroups in Sn preserving the collections of numbers 
appearing respectively in every row and column of the tableau A*^ . Consider the 
element of the group ring C-^^ 

where non-zero factor y G C is chosen to make this element of C-S^ an idempotent. 

The Lie algebra glj^ acts in space C'^^C''^ by linear combinations of the 
operators 

Y ^iadja; ij = 1,...,N. 

The differential operator corresponding to the value of (1.3) at z = is then 

O" ^ Sfi ^1 ; — ; CE'l 5 — J k 

where the index k runs through 1, . . .,n and factors in the ordered product are 
arranged from the left to right while k increases. Here Sij is the Kronecker delta. 

The equality of the differential operators (1.1) and (1.4) has been proved in [01]. 
It can be also verified by using the Jucys-Murphy elements in the group ring of Sn ; 
see forthcoming article [02]. The present article contains a proof of that equality 
going back to the origin (1.3) of the formula (1.4). This proof is based on the 
estimation of the order of the pole at 2; = of the rational function ttx^t^h {J^{z)) 
for diagrams ^ with less than n boxes; cf. [00, S]. That estimation is performed 
in Section 4. We employ the notion of a fusion procedure for the symmetric group 
Sn introduced by I. Cherednik [CI]. In Section 2 we give a concise account of the 
fusion procedure; see [JKMO] for another exposition of relevant results from [CI]. 

I am very grateful to I. Cherednik for numerous illuminating conversations. I 
am also grateful to F.Knop, M. Noumi and V.Tolstoy for stimulating discussions 
and valuable remarks. This work is a part of the project on representation theory 
of Yangians which has been started at the seminar of A. Kirillov in Moscow. I 
thank all participants of that seminar for providing a favourable atmosphere for 
the start. I am especially indebted to A. Okounkov and G. Olshanski. Their results 
from [01,00] have inspired the present work. 
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§2. Fusion procedure for the symmetric group 

We will start with recalling several classical facts about irreducible modules of the 
symmetric group over the complex field. They are parametrized by the Young 
diagrams A with exactly n boxes. We will denote hy Ux the irreducible module 
of Sn corresponding to the diagram A . Consider the chain of subgroups 

5i c <52 c . . . c 5„ 

with respect to the standard embeddings. There is a canonical decomposition of 
the space Ux into the direct sum of one-dimensional subspaces associated with this 
chain. These subspaces are parametrized by the Young tableaux of shape A . Each 
of these tableaux is a bijective filling of the boxes of A with numbers 1, . . . ,n such 
that in every row and column the numbers increase from the left to the right and 
from the top to the bottom respectively. Denote by Tx the set of these tableaux. 

For every tableau A e 7> denote by Ua the corresponding one-dimensional 
subspace in Ux ■ For any m G {1, . . . ,n} consider the tableau obtained from A by 
removing each of numbers m -|- 1, . . . ,n. Let the Young diagram /j, be its shape. 
Then Ua is contained in an irreducible -submodule of Ux corresponding to /j, . 
Any basis of Ux formed by vectors ua e Ua is called a Young basis. Let us fix 
an -invariant inner product ( , ) on Ux ■ The subspaces Ua are then pairwise 
orthogonal. We will be assuming that {ua , ua) = 1 for each tableau A G 7^ . 

Consider the column tableau of the shape A obtained by filling the boxes of A 
with 1, . . .,n by columns from the left to the right, downwards in each column. 
We will denote by A*^ this tableau. Consider the diagonal matrix element of the 

-module Ux corresponding to the vector ua^ 

(2.1) {auAo,UA^)-a-^ G C-5„. 

We will make use of the explicit formula for this matrix element contained in [Yl] . 
Denote by Sx and Tx the subgroups in Sn preserving the collections of numbers 
appearing respectively in every row and column of the tableau A'^ . Put 

= ^' ^ X] Sgn((7)-(7. 

As usual let A{ , A2 , . . . be the numbers of boxes in the columns of the diagram A . 
Then 

QxPxQx_ 
^ A{!A^!...- 

We will also need for the matrix element an expression of a different kind. 
For any distinct i,j = 1, ...,n let [ij) be the transposition in the symmetric 
group Sn ■ Consider the rational function of two complex variables tt, v valued in 
the group ring C-S'n 

(Pij{u,v) = 1 . 

u — V 

As a direct calculation shows, this rational function satisfies the equations 
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for all pairwise distinct i, j, k . Evidently, for all pairwise distinct i, j, k, I we have 

(2.3) (fiij {u, v) (pki {z, w) = (pki {z, w) (pij {u, v) 

Consider the rational function of u,v,w appearing at either side of (2.2). Denote 
by (fijk{u,v,w) this function. The factor (fik{u,w) in (2.2) has a pole at u = w. 
However, we have the following lemma. 

Lemma 2.1. Restriction of (fiijk{u,v,w) to the set of {u,v,w) such that u = v±l , 
is regular at u = w . 

Proof. As a direct calculation shows, the restriction 

^,J,{V ± 1, V, w)={lT (ij)) ■ (l - ^^^) ■ 

The latter rational function of v,w is manifestly regular at w = v ±1 □ 

For each i e {1, . . .,n} denote Ci = s — t if the number i appears in the s-th 
column and the t -th row of the tableau A"^ . The difference s — t is then called 
the content of the box of the diagram A occupied by the number i . For each i let 
Zi be a complex parameter. Equip the set of all pairs {i, j) where 1 ^ i < j ^ n 
with the lexicographical ordering. Introduce the ordered product over this set 

(2.4) Yl Vij (Ci + , Cj + Zj)- 

Consider this product as a rational function of the parameters zi, . . . ,Zn valued in 
C-Sn- Denote by ^x{zi, . . . ,Zn) this rational function. Denote by Z the set of 
all tuples (zi, . . . ,Zn) such that Zi = Zj whenever the numbers i and j appear in 
the same row of the tableau A'^ . The following theorem goes back to [CI] and [J]. 

Theorem 2.2. Restriction of ^x{zi, . . . ,Zn) to Z is regular at zi = . . . = Zn . 
The value of this restriction at zi = . . . = z^ coincides with the matrix element $a • 

We will present the main steps of the proof as separate propositions. This proof 
follows [N2] and is based on Lemma 2.1. Another proof is contained in [JKMO]. 

Proposition 2.3. Restriction of ^x{zi, . . . ,Zn) to Z is regular at zi = . . . = Zn ■ 

Proof. We shall provide an expression for the restriction of the function (2.4) to Z 
which is manifectly regular at zi = . . . = Zn . Let us reorder the pairs {i, j) in the 
product (2.4) as follows. This reordering will not affect the value of the product 
due to the relations (2.2) and (2.3). Let C be the sequence of numbers obtained 
by reading the tableau A*^ in the usual way, that is by rows from the top to the 
bottom, eastwards in every row. For each j e {l,...,n} denote by Aj and Bj 
the subsequences of C consisting of all numbers i < j which appear respectively 
before and after j in that sequence. Now set -< {k,l) if one of the following 

conditions is satisfied: 

- the number i appears in Aj while k appears in Bi ; 

- the numbers i and k appear respectively in Aj and Ai where j < I', 

- the numbers i and k appear respectively in Bj and Bi where j > I', 
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Prom now on we assume that the factors in (2.4) corresponding to the pairs (i, j) 
are arranged with respect to this new ordering. The factor (fij (ci + Zi , Cj + zj) has 
a pole at Zi = zj if and only if the numbers i and j stand on the same diagonal 
of the tableau A"^ . We will then call the pair singular. Note that the number 

i occurs in the subsequence Bj exactly when i stands to the left and below of j 
in the tableau A*^ . In this case Cj — Cj > 1 and the pair cannot be singular. 

Let a singular pair be fixed. Suppose that the number i appears in the 

s-th column and the t-th row of the tableau A*^ . In our new ordering the pair next 
after is {h,j) where the number h appears in the (s + 1) -th column and the 

t-th row of A^ . In particular, we have Ci — Cj = — 1 . Moreover, {i, h) -< ■ 
Due to the relations (2. 2), (2. 3) the product 

JJ Vkl{ck + Zk,Ci + Zi) 

is divisible on the right by ipih {ci+Zi , Ch+Zh) ■ The restriction of the latter function 
to Zi = Zfi is just 1 + (ih) . Note that the element (l + {ih))/2 is an idempotent. 
Now for each singular pair let us replace the two adjacent factors in (2.4) 

fij (Cj + Zi , Cj + Zj) (phj {Ch + Zh , Cj + Zj) 

by 

'Pih {Ci + Zi,Ch + Zh) <^ij {Ci + Zi , Cj + Zj) iphj {Ch + Zh , Cj + Zj)/2 

= Vihj (ci + Zi,Ch + Zh, Cj + Zj)/ 2. 

This replacement does not affect the value of the restriction to Z of the function 
(2.4). But the restriction to Zi — Zh of the function (pihj {ci + Zi,Ch + Zh, Cj + Zj) 
is regular at Zi = Zj by Lemma 2.1 □ 

In our new ordering we have the decomposition 

^x{zi,...,Zn) =Tx{zi,...,Zn) ■ Qx{zi, . . . , Zn) 

where Tx{zi, . . . ,Zn) and Qx{zi, ■ ■ ■ ,Zn) are products of the factors in (2.4) which 
correspond to the pairs {i,j) with i appearing in Aj and Bj respectively. The 
function Qxizi, . . . ,Zn) is regular at zi = . . . = ■ Moreover, the value of this 
function at zi = . . . = Zn is invertible in C-Sn ■ Denote by $ and T the values 
at zi = . . . = Zn of the restrictions to Z of ^x{zi, . . . ,Zn) and Tx{zi, . . . ^Zn) 
respectively. Thus we have the equality $ = T G . We will prove that $ = . 

Proposition 2.4. Let the numbers k and I stand next to each other in a row of 
the tableau . Then the element T in C-Sn is divisible on the right by 1 + (kl) . 

Proof. It suffices to assume that k < I . Then due to the relations (2.2) and (2.3) 
the product Tx{zi, . . . ,Zn) is divisible on the right by (pki (cfc + Zk,ci + zi) . The 
restriction of the latter function to Zk = zi is exactly the element 1 + (kl) □ 

Let a be the involutive antiautomorphism of the group ring C-S^ defined by 
setting a{g) = for g e Sn ■ By the relations (2.2) and (2.3) the product (2.4) is 
invariant with respect to this antiautomorphism. So is the value $ of its restriction 
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Corollary 2.5. Let the numbers k < I stand next to each other in the first row of 
the tableau A*^ . Then the element $ in C-Sn is divisible on the right by 

(2.5) (Pkl{ck,Cl) ■ JJ <Pml{Cm,Cl). 

k<m<l 

The element $ is then also divisible on the left by 

(2.6) Yl 'Pml{Cm,Cl) ■ (pkl{Ck,Ci). 

k<m<l 

Proof. By Proposition 2.4 the element T is divisible on the right by (f ki{ck , ci). 
But due to the relations (2.2) and (2.3) the product ipki{ck,ci) ■ G is divisible on 
the right by (2.5). Since $ = TG we obtain the first statement of Corollary 2.5. 
Note that the image of (2.5) with respect to the antiautomorphism a is (2.6). Since 
$ is invariant with respect to a we get the second statement of Corollary 2.5 □ 

Consider again the rational function (fiijk{u, v, w) appearing at either side of (2.2). 
The value at -u = w of its restriction to u = v — 1 is not divisible on the right by 
(fjk{v,v — 1) — 1 — {j k) ; see proof of Lemma 2.1. In the proof of Proposition 2.7 
we will use the following instant observation. 

Lemma 2.6. The value of the function fijk{v — ^,v,w) ipkj{w,v) at w = v — 1 
coincides with that of the function —2 (ik) ■ ^p^jiw, v) . 

The next proposition is the central part of the proof of Theorem 2.2 ; cf. [JKMO]. 

Proposition 2.7. Let the numbers k and k + 1 stand in the same column of the 
tableau . Then the element T in C-S^ is divisible on the left by 1 — (/c, /c + 1) . 

Proof. Observe first that Proposition 2.7 follows from its particular case k + 1 = n . 
Indeed, let u be the shape of the tableau obtained from A"^ by removing each of 
the numbers k + 2, . . . ,n . Then 

where j = k + 2, . . . ,n and i runs through the sequence Aj . Denote by T' the 
value at zi = . . . — Zk+i of the restriction of Tjy(^i, . . .,Zk+i) to Z . According 
to our proof of Proposition 2.3 then T = x'T" for certain element T" in C-S^ ■ 
Prom now on we will assume that k + 1 = n . Since the element G is invertible, 
it suffices to prove that TG = $ is divisible by 1 — (n — 1 , n) on the left. But the 
element $ is invariant with respect to the antiautomorphism a . We will prove 
that $ is divisible by 1 — (n — 1 , n) on the right. That is, 

(2.7) n-i (cn, Cn-i) = (l + (n-l,n)) =0. 

Suppose that the number n appears in the s-th column and the t-th row of the 
tableau A'^ . Let ii, . . . ,is be all the numbers in the t-th row. So we have ig = n . 
Then due to the relations (2.2) and (2.3) for certain element G' in C-Sn 



• (fin,n-liCn,Cn-l) = Y\_ f ip,n-l (Ci^ , Cn-l) ' <fin ,n-l (Cn , Cn-l) ' 
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Therefore to get (2.7) we have to prove that 

(2.8) T- Yl^ip,n-l{Cip,Cn-l) ■ iPn,n-l{Cn,Cn-l) =0. 

p<s 

We will prove it by induction on s . If s = 1 then Tx(zi, . . . ,Zn) = ^\{zi, . . . ,Zn) 
so that T = $ . Moreover, then none of the pairs in (2.4) is singular. Then 

$ has the form 

^' ■(Pn-l,n{Cn-l,Cn) = $ ' • (l - (n - 1 , n)) 

for certain element in C-Sn ■ So we get the equality T ■ (Pn,n-i (cn : c„_i) = . 

Now suppose that s > 1 . We have to prove that the restriction to Z of the 
product 

(2.9) Tx{zi,...,zn) ■ n 

vanishes at zi = . . . = Zn . Denote ig-i = m . The number m — 1 appears in the 
(s — 1) -th column and the {t — 1) -th row of A'^ . So we have c^_i — . Let // 
be the shape of the tableau obtained from A*^ by removing each of the numbers 
m + 1, . . . ,n . Then the function T;j^(2;i, . . . ,2;„) has the form 

' V m—l,n—l (Cm-1 + Z-m—l 1 Cn— 1 
X(2;i 5 • • • 5 Zfn^ ■ i~p m—l, n (Cm— 1 ~l~ ■, Cn ~l~ ^^n) ^ n— 1, n (Cn— 1 ~l~ Zn—1 , C^ ~l~ 2;^) X 

^ ipU (Cip ~l~ ) Cn ~l~ -^n)- 

p<s 

Here we have denoted by \E'(2i, . . . ,^n-i) the product 

(2.10) Y\_ '^ij {ci + Zi , Cj + Zj) ; j = m + l,...,n-l 

(id) 

where i runs through Aj but ^ (m — 1 , n — 1) . Further, we have denoted 

(2.11) X{zi,...,Zn) = Yl (Pin{Ci + Zi ) Cn + -Zn) 

(i,n) 

where i runs through the sequence An but i^m—l,n — l,...,m. In particular, 
any factor in the product (2.11) commutes with 



^ 
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due to (2.3). Therefore the product (2.9) takes the form 

Tf^{zi, . ..,Zm) ■ *(2l, . ■■,Zn-l) ■ X(2;i, . . .,2„) X 
V m—l,n—l ,n (Cm— 1 ~l~ ^m—l j Cj^—i + Zji—i, Cn + 2^) X 

n ^ipn{Cip + , Cn + ^n) • U ^ip,n-l (Q^ + 2;^^, , C^-l + 2;„_i) X 
p<s p<s 

Vn,n—1 ~l~ ^^^^^ ) C^— 1 ~l~ Zyi—\) — 

(2.12) T^(^i, • • - ,2;^) • *(^i, • ■■,Zn-i) ■ X(2;i, . ..,Zn) x 

'i^'m— l,n— l,n (Cm— 1 ~l~ Z^—l ; Cj^—i + ^n— 1 j Cj^ + 2;^) (fn ,n— 1 (Cn + , C^—l + ^n— 1 ) 

U V'ip.n-l (Ci^ + , C„_i + 2;„_i) • (pi^n (q^ + ^i^, , c„ + 2;^) . 
p<s p<s 

To get the latter equality we used the relations (2.2) and (2.3). Restriction to Z of 
the product of factors in the first line of (2.12) is regular zi — . . . — Zn according 
to our proof of Proposition 2.3. Each of the factors in the third line is also regular 
at zi = . . . = Zn ■ Therefore due to Lemma 2.6 the restriction of (2.12) to Z has 
the same value at zi = . . . = Zn as the restriction to Z of 

(2.13) -2 • T^(2;i, . ..,Zm) ■ ^{zi, . ..,Zn-i) ■ X(2;i, . . .,2;„) x 

(m — l,n) ■ ipn ,n-l {Cn + Zn 1 Cn— 1 

+ Zn-l) X 

U Vip,n-1 {Ci^ + Zi^ , C„_i + Zn-l) ■ J]^ (Pi^n (Cj^ + , Cn + Zn) = 
p<s p<s 

-2 • Ti^{zi, . ..,Zm) ■ *(^1, • ■■,Zn-l) ■ ^{Zi, . ..,Zn) X 
'■pip,m—l (Cip + Zi^ , Cn + Zn) " 9^ip,n— 1 (Ci^ + Zi^ , Cn— i + Zn—l) X 
(m -l,n) ■ (fin,n-l (Cn + ■^■n ) Cn— 1 + Zn-l) . 

Here each of the factors (fi ,m-i(ci +Zi ,Cn+Zn) commutes with X(2;i, . . . ,2;n) by 
the relations (2.3). In each of these factors we can replace + Zn by Cm-i + Zm-i 
without affecting the value at zi = . . . = Zn of the restriction to Z of (2.13). 
Denote _^ 

r{zi, . . .,Zm) = Y\. 'fiip,m-l (Cij, + Zi^ , Cm-l + ^m-l)- 
p<s 

According to our proof of Proposition 2.3 it now suffices to demonstrate vanishing 
at zi = . . . = Zn-l of the restriction to Z of the product 

(2.14) '^^^iZl, . ..,Zm) ■ ^(^1, • • ■,Zn-l) ' ^{zi, . . .,2m)- 

Consider the product (2.10). Here the factors corresponding to the pairs {i,j) 
are arranged with respect to ordering chosen in the proof of Proposition 2.3. Let us 
now reorder the pairs (z, j) in (2.10) as follows. For every j = m+1, . . . ,m+X'g_i —t 
change the sequence 

(m- l,j),(ii,j),...,(is-i,j) 

to 
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Denote by "i^'izi, . . . ,^n-i) the resulting ordered product. Then by (2.2) and (2.3) 

(2.15) ^'(^1, . . .,Zn-l) ■ T{ZI, . ..,Zm) = ^{Zl, ■ • .,2m) ' ^'(^l, • • -.Zn-l). 

Now let (i,j) be any singular pair in (2.10). Let (/i, j) be the pair following 
in the ordering from the proof of Proposition 2.3. Then {h^j) follows (z,j) 
in our new ordering as well. Furthermore, due to the relations (2.2) and (2.3) the 
product 

(2.16) T^(2i, • • • ,2m) • r(2;i, . . . ,2^) 

is divisible on the right by (fiih{ci + Zi, Ch + z^) ■ Therefore 

(2.17) T^{zi,...,Zm) ■T{zi,...,Zm) ■'^'{zi,...,Zn-l) = 
Ti^{zi, . . .,Zm) ■ ^{Zi, . . .,Zjn) ' ^"(^i, . . . ,Zn-l) 

where '^"{zi, . . . ,2^-1) is a rational function which restriction to is Z regular at 
zi = . . . = Zn-i ■ But by the inductive assumption the restriction of (2.16) to Z 
vanishes at zi = . . . = z^ ■ Thus due to (2.15) and (2.17) the restriction of (2.14) 
to Z vanishes at zi = . . . = z^-i □ 

We have shown that the element $ = T of C-Sn is invariant with respect to the 
antiautomorphism a . 

Corollary 2.8. Let the numbers k and k + 1 stand in the same column of the 
tableau If . Then the element $ in C-Sn is divisible on the left and on the right by 

<^fc,fc+l(cfc, Cfe+i) . 

The next proposition completes the proof of Theorem 2.2. 
Proposition 2.9. We have the equality ^ = 

Proof. Due to Propositions 2.4 and 2.7 we have the equality T = Qx Xx Px for some 
element Xx G C-Sn - It is a classical fact that one can assume here Xx G C ; see for 
instance [GM]. Due to Corollary 2.8 the decomposition $ = T G now implies that 
$ equals Qx Px Qx up to a multiple from C . We will show that in the expansion 
of ^ E C-Sn with respect to the basis of g E Sn the coefficient at identity is 1 . 

Let ^0 be the element of the maximal length in Sn . Consider the product (2.4) 
with the initial lexicographical ordering of the pairs For each k = 1, . . . ,n — 1 

denote ^ 

(pk{u, v) = (pk,k+i{u, v) ■ {k,k + l) = {k, k + 1) . 

u — V 

Then ^ 

^x{zi,...,Zn)go = Yl Vj-i{Ci + Zi,Cj + Zj). 
(id) 

But ^ 

is a reduced decomposition in Sn . Therefore in the expansion of the element 

^\{zi,---,Zn)go e C{zi,...,Zn)-Sn 

with respect to the basis of g E Sn the coefficient at ^tq is 1 . So is the coefficient 
at go in the expansion of the element ^ go E C-Sn CD 

Continuation of (2.4) to zi = . . . = Zn along the set Z is called fusion procedure. 

T„ „ ^-^ c T> — o n i — j-„ui;„i ] c^^^ ; , 
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Corollary 2.10. We have the equality T = QxP\ ■ 

We will now make a concluding remark about the element T G C-Sn ■ Consider the 
row tableau of the shape A obtained by filling the boxes of A with 1, . . . ,n by rows 
downwards, from the left to the right in every row. Denote by this tableau. It 
is obtained from the tableau A*^ by a certain permutation of the numbers 1, . . . ,n . 
Denote by ax this permutation. For the vectors Mac, u\r of the Young basis in Ux 
we have ( ax u^c , uj\r ) 7^ due to [Y2] . The element 

>r-^ {aUAc,UAr) _i 

JL A = >. 7 T o- ax 

of the group ring C-Sn does not depend on the choice of the vectors ma<=5 ■ In 
fact one has T;s^ = QxP\ ; see for instance [GM]. Thus T = by Corollary 2.10. 

Lemma 2.11. Restriction of (fiijk{u, v, w) to the set of all {u, v, w) with w — v ±1 , 
is regular at u = w . 

Proof. As a direct calculation shows, the restriction 

The latter rational function of u, v is manifestly regular at u ~ v ±1 □ 

We will end up this section with one more proposition. It will be used in the next 
section. Let the superscript ^ denote the embedding of the group Sn to Sn+i 
determined by assigning to the transposition of i and j that of z + 1 and j + 1 ■ 

Proposition 2.12. We have equality of rational functions in u valued in C-S'^+i 



(2.18) n ^M+i(«,c.)-$)(=(i- ^^4r^)-^ 



Proof. Denote by Z(tt) the rational function at the left hand side of (2.18). The 
value of this function at u = 00 is Moreover, the residue of Z(tt) at tt = is 



- (i'^+i)-*A- 



It remains to prove that Z('u) has a pole only at tt = and this pole is simple. 
Let an index i G {2, . . . be fixed. The factor (/7i^i_|_i(tt, q) in (2.18) has a pole 
at u = Ci . We shall prove that when estimating from above the order of the pole 
at u = Ci of Z('u), that factor does not count. 

Suppose that the number i does not appear in the first row of the tableau A'^ . 
Then the number i — 1 appears in A'^ straight above i . In particular, Ci_i = Q + l . 
By Corollary 2.8 the element is divisible on the left by <^i,i+i(cj_i , Cj) . But 
the product 

V9h(m,Q_i) 99i,i+i('U, Ci) V7i,i+i(Ci_i,Q) 
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Now suppose that the number i appears in the first row of . Let the number 
k be next to the left of i in the first row of A*^ . Then c/e = Cj — 1 . By Corollary 2.5 
the element is divisible on the left by 

(2.19) Y\_ ¥'j+l,i+l{Cj,Ci)-Vk+l,i+l{ck,Ci). 

k<j<i 

Consider the product of factors in (2.18) 

(2.20) ^i,k+i{u,Ck) ■ Yl Vi,j+i{u,Cj) ■ (pi^i+i{u,Ci). 

k<j<i 

Multiplying the product (2.20) on the right by (2.19) and using (2. 2), (2. 3) we get 

JJ (Pj+l,i+liCj ,Ci) X 

k<j<i 

<fl,k+l {U, CkU) {U, Ci) {Ck , Ci) 

X n ^i,i+i('"'Ci). 

k<j<i 

The latter product is regular at u = Ci by Lemma 2.11. The proof is complete □ 
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§3. Yangian of the general linear Lie algebra 

In this section we wiU collect several known facts from [C2,D1] about the Yangian 
of the Lie algebra gt^ . This is a complex associative unital algebra Y{Qljy) with 

(s) 

the countable set of generators T^^ where s = 1, 2, ... and i,j = l, . . . , N . The 
defining relations in the algebra Y(0[jy) are 

(3.1) {Tt'\T^^]-{T^;\Tt'^]=TffT^^ -TlfT^\ r, . = 0, 1, 2, . . . 

where T^j^ = 5ij ■ 1 . We will also use the following matrix form of these relations. 
Let Eij e End(C^) be the standard matrix units. Introduce the element 

P^Yl ® ^ End(C^) ® End(C^) 

where the indices i,j run through 1,...,A^. Consider the Yang R -matrix, it is 
the rational function of two complex variables u , v valued in End(C^) ®End(C^) 

P 

R(u ,v) = id . 

u — V 

Introduce the formal power series in 

and combine all these series into the single element of End(C^) (g) Y(0(jy) [[■"~"^]] 

For any associative unital algebra A denote by Lg its embedding into the tensor 
product A®"^ as the s -th tensor factor: 

i,(X) = l®(*-i)(8X(g)l® XeA; s = l,...,n. 

We will also use various embeddings of the algebra A® into A®"' for any m ^n. 
For si,. . .,Sm e {1, . . . ,n} pairwise distinct and X e A®"* we put 

X,,...,^ = .,,®...®6,^(X)eA®". 

Denote 

Ts{u) = Ls0id{T{u)) e End(C^)®'^ ® Y(0ljv) 
In this notation the defining relations (3.1) can be rewritten as the single equation 

(3.2) R{u,v)0l ■ Ti{u)T2{v) = T2{v)Ti{u) ■ R{u,v) O 1. 

After multiplying each side of (3.2) by tt — v it becomes a relation in the algebra 
End(C^) ® End(C^) ® Y{glj^) {{u-\ v'^)). 
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The relation (3.2) implies that for any z e C the assignment Tij{u) i— > Tij{u — z) 
determines an automorphism of the algebra Y(0(jy) • Here the formal series in 
{u — z)~^ should be rc-cxpanded in . We will denote by this automorphism. 

We will also regard Eij as generators of the universal enveloping algebra U(g[7v) • 
The algebra Y(0[^) contains U(0[^) as a subalgebra: due to (3.1) the assignment 
Eij I— > — T^l^ defines the embedding. Moreover, there is a homomorphism 

(3.3) TT : Y{q\j,) ^ U(0rjv) : Tij{u) ^ 6ij - EjiU'^ 

This homomorphism is by definition identical on the subalgebra U(g[jv) • 1^ is 
called the evaluation homomorphism for the algebra Y(g[^) . We will regard 
as Y(gl^) -module by virtue of this homomorphism. Denote by V{z) the Y(0l^)- 
modulc obtained from C-^ by applying the automorphism Tz ■ The action of the 
generators T^^'' in V{z) can be determined by the assignment 

End(C^) ® Y(0[^) [[u-^]] End(C^) ® End(C^) [[u-^]] : T(u) ^ R{u, z). 

Furthermore, there is a natural Hopf algebra structure on Y(gl^) . Again due 
to (3.2) the comultiplication A : Y(gljY) ~^ ^{Q^n) ® ^(gtjv) can be defined by 



(3.4) Tij {u) ^ {u) Thj {u) . 

h 

Here the tensor product is taken over the subalgebra Cffw""*^]] in Y(0[^) [["u"^]] 
and h runs through 1, . . . , . For any ^i, . . . ,2;^ G C consider the Y(gl^) -module 

V{zi) ® . . . V{zn) . By the definition (3.4) the action of the generators T^^^^ in 

the space (C^)®"^ of this module can be determined by the assignment 

(3.5) End(C^) (8) Y{glj^) [[u-^]] ^ End(C^) End(C^)®" [[u-^]] : 

T{u) ^ R-i_2{u,Zi) . . . R-i_^ri+l{u,Zn)- 



The symmetric group Sn acts in the space (C^)®" by permutations of the 
tensor factors: 

(kj) ^ Pki G End(C^)®" ; k^l. 

The function Rkiiu^v) valued in End(C^)'^"' corresponds to the function (pki{u,v) 
valued in the group ring <C-Sn ■ Let A be a Young diagram with n boxes and not 
more than rows. Denote by F\ the element of End(C^)®'^ corresponding to 

n! 

So F^ = Fx and the image of F\ in (C^)®"' is an irreducible gl^ -submodule [Yl]. 
Denote this image by Vx . We will identify the algebra End(y\) with the subalgebra 
in End(C^)®"^ which consists of all the elements of the form FxX Fx ■ 

By virtue of the homomorphism (3.3) we can regard Vx as an Y(g[^) -module. 
Denote the action of Y(g(^) in the module by tt^ . As well as in the previous 
section, let Ck be the content of the box with the number k in the column tableaux 



14 



Proposition 3.1. The action ttx of Y{qI^) can be described as the restriction to 
the vector subspace Vx in (C^)®"' of the action (3.5) with zi = ci , . . . ,Zn = Cn ■ 

Proof. Consider the vector space (C'^)®"' as an Y(0[jy) -module by virtue of (3.3). 
The action of Y(0[jy) in the latter module can be determined by the assignment 

(3.6) End(C^)®Y(0ljv) ^ End(C^) ® End(C^)®" [[«-^]] : 

T(.)^l- J2 ^ 

The action of Y(g[^) in is by definition the restriction of (3.6) to the subspace 
Vx in (C^)®" . So it suffices to prove the equality of rational functions in u 

(l- J2 ^^^)-{id®Fx) = fl Ri,k+i{u,Ck)-{id0Fx). 

valued in End(C'^)®*^""'"^'' . But this equality is afforded by Proposition 2.12 □ 

Denote by Fn the antisymmetrization map in End(C^)®^ . Thus F^ = Fx for 
n = N and the diagram A consisting of one column only. Consider the element 

(3.7) Fn^1-Ti{u) ...Tn{u-N + 1) 

of the algebra End(C^)®^ ® Y(0l;v) [[^~^]] ■ Due to Theorem 2.2 and the relations 
(3.2) this element is divisible by F^ ® 1 also on the right. Since the map F^v is 
one-dimensional, the element (3.7) has the form Fyv (8> F>{u) for a certain series 
D{u) G Y(0[jy)[[''^~^]] • This series is called the quantum determinant for Y(0ljv) . 
The coeficients Di, D^, ... of this series at u~^,u~'^ . . . are free generators of the 
centre of the algebra Y(£|[^); see [MNO] for the proof. The definitions (3.4) and 

(3.7) imply 

A{D{u)) = D{u)0D{u). 

Hence the centre of the algebra Y(g[^) is a Hopf subalgebra. 

The relations (3.2) imply that for any formal series f{u) G 1 -|- C[[u~^]] 
the assignment Tij{u) ^ f{u) • Tij{u) determines an automorphism of the algebra 
Y(0(jy) . We will denote by a;/ this automorphism. Consider the fixed point 
subalgebra in Y(0[jy) with respect to all the automorphisms iVf . This subalgebra 
is called the Yangian of the simple Lie algebra sijy and denoted by Y(5[7v) ; cf. [Dl]. 

Proposition 3.2. The algebra Y(slAr) is a Hopf subalgebra in Y{gljsj). The algebra 
Y(0[^) is isomorphic to the tensor product of its centre and its subalgebra Y(sljv)- 

Proof. We will follow the argument from [MNO] . Observe that by our definition 

Uf{D{u)) = D{u) ■ f{u) .../(«- AT + 1). 

Determine the series A{u) G Y(0[jy) [[-u"^]] by the equation 

D{u) = A{u) ... A{u- N + 1). 

Then we have Uf(^A(u)^ = f{u)A{u). The coefficients Ai,A2... of the series A{u) 
at u~^,u~^ . . . are free generators of the centre of Y(g[jY)- Moreover, we have 

(3.8) A(^(w)) = A(u) (g) A(u). 
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Every coefficient of the series Tij{u) A{u)~^ belongs to the subalgebra Y(slAr). 
Therefore the algebra Y(0(jy) is generated by its centre and its subalgebra Y{sIn)- 
Now suppose that for some positive integer s there exists a non-zero polynomial 
Q in s variables with the coefficients from Y(s[Ar) such that Q{Ai, . . . ,As) = . 
Choose the number s to be minimal. But for f{u) — 1 + au~^ with any a G C 
we have 

Uf : Q{Ai, ...,As) ^ Q{Ai, ...,As + a). 

Thus . . . ^Ag + a) — for all a e C . So we may assume that the polynomial 

Q does not depend on the last variable, which contradicts to the choice of s . This 
contradiction completes the proof of the second statement of Proposition 3.2. 

In particular, the coefficients of all the series Tij{u) A{u)~^ generate the algebra 
Y(s[Ar) . Now the first statement of Proposition 3.2 follows from (3.4) and (3.8) □ 

Corollary 3.3. The centre of the algebra Y(sljv) is trivial. 

Note that the subalgebra Y(s[Ar) in Y(0[^) is preserved by the automorphism 
for any ^ G C . Denote by A' the composition of A with the permutation of tensor 
factors in Y(gljY) ® Y(gljY) • According to [Dl] there is a unique formal series 

S{z) G 1 + Y{sIn)^Y{sIn)[[z-'']]-z-'' 
such that in the algebra Y(5tAr)'^^ we have 

id® A (5(2;)) =512(2;) 513(2;), 

(3.9) A ® id (5(^)) = 5i3(^) 523(^) 

and for any element F G Y(5tjv) we also have 

(3.10) S{z) ■ id ^T, {A' {¥)) =id®r4A(y)) -5(2). 

The series S{z) is called the universal R-matrix for the Hopf algebra Y(sliv) . For 
any f G C denote by 7r„ the action of the algebra Y(0[jy) the module V{v) . 

Lemma 3.4. We have the equality 7r„ (8) id {S{z)) = T{v — 2) • id (g) A{v — z)~^ . 

Proof. Let us keep the parameter v E C fixed. Denote respectively by T'{z) and 
T"{z) the formal series in at the left and the right hand side of the equality 
to prove. Due to (3.10) and Proposition 3.2 the series T'{z) satisfies the equation 

(3.11) T'iz) ■ 7r„ ® T,(A'(y)) = 7r„ (8) T,(A(y)) • T'{z) 

for any element y G Y(g[^) . We will assume that here Y is one of the generators 
T^f . By (3.4) we have the equalities in End(C^) End(C^) ® Y{qIMu~^]] 

id ® (7r„ ® o A ) (T(w)) = Ri2{u, v) 1 ■ Ti{u - 2), 
id® (7r„®T^oA')(T(u)) = Ti{u - z) ■ Ri2{u,v) ® 1. 

So the collection of all equations (3.11) is equivalent to the single equation for T'{z) 
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which after being multiphed by u + z — v becomes an equation in the algebra 

End(C^) End(C^) Y{qIj^) {{u-\ z'^)). 

But the element T"{z) satisfies the same equation. Indeed, since the coefficients 
of the series A{v — z) in z~^ are central in Y(£|[jy) we have due to (3.2) 

(3.13) Ri2{u + z,v)®l-Ti{u)T^'{z) ^T^'{z) Ti{u) ■ Ri2{u + z,v) ^ 1 . 
Consider the series 

X{z)=T'{z + v) T"{z + v)-^ 
in z~^ with the coefficients in End(C^)(8)Y(5tiv)- By comparing (3. 12), (3. 13) we get 

(3.14) [R^2{u + z + v,v)®l-Ti{u),X2{z)] =0. 
We will write 

X{z)^Y.^^o®X,3{^) 

where 

for some x\'^'^ G Y[s{n) . Let us multiply the equation (3.14) by u -\- z . Then by 
considering the coefficient at vP z^^ we get 

(3.15) \T^ , Xif ] = ) - 5u xif ; . = 1,2,.... 
Further, by considering the coefficient at u~'^ z~^ we get 

(3.16) [T^ , 4f ] + [7^) , Xir^] = Tffxil^ -6u-J: X^ 

h 

where the index h runs through 1, . . . ,N . 

(s) 

Let us now prove by induction on s = 0, 1, 2, . . . that Xj^^ = Ski Xg for some 
element Xg e Y(5[jv) which commutes with every T^^-^ . The condition 

X{z)el + End(C^) ® Y{31n) [[z~^]] ■ 

provides the base for our induction. Let us consider the equation (3.16). Due to 
(3.15) and to the inductive assumption it takes the form 

Sm [Tjf\Xg]+5,,X^r^-5uXi^;'^ = 0. 

The latter equation shows that foik^l we have xjfj^^^ — Xii^^'' and xj^^i^^^ = 0. 
Thus xl^i'^^'^ — dki Xg^i for some Xs+i G Y{sIn) . Now by using (3.15) with s + 1 
instead of s we get the equality [Tj;^ ^ , Xg+i] = . Therefore 

X{z) = id<^ {1 + Xiz-^ + X2Z-'^ + . . .) 
for some elements Xi , X2 , . . . G Y(s[Ar). These elements are central due to (3.14). 

Rut. thp rpntrp nf thp alo-pbra. YrfirAr"! is T. hv C,nrnU»rv ^ :\ Sn Yi Yo (= (P. 
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Thus the series T'{z) and T"{z) coincide up to a multiple from £,[[z '^]]. That 
multiple must be 1 since the equation 

TT^® A{S{z)) = 71^, (g) id® id (5 12 (2) 5 13 (2)) 

for TTy ® id {S{z)) = T'{z) is also satisfied for T"{z) . The latter fact follows from 
the definition (3.4) and from (3.8) □ 

Now introduce the formal series in z~^ with the coefficients in the centre of Y(0[jy) 

(3.17) Dx{z) = A(ci -z)... A{cn - z). 
Introduce also the element of the algebra End(C^)®^ ® ^ {Q^n)[[z~'^]] 

(3.18) Tx{z) = Fa 1 • Ti(ci - ^) . . . T„(c„ - z). 

By Theorem 2.2 and the relations (3.2) the latter element is divisible by Fa® 1 also 
on the right. Thus we can regard T\{z) as an element of End(VA) ® Y(0[^)[[2~-^]] . 
By (3.9) and by Lemma 3.4 we have the following corollary to Proposition 3.1. 

Corollary 3.5. We have the equality tta <8) id {S{z))= Tx{z) ■ id® Dx{z)~^ . 

Next theorem is the main result of the present section. 

Theorem 3.6. There is a series Tl{z) e 1+Y(01jy)®Y(0(jy) [[■z"''^]] --^""^ satisfying 
(1.2) such that the equality tta® id (TZ{z))= Tx{z) holds for any Young diagram X . 

Proof. We will prove that there is a formal power series 'D{z) in z~^ with coeffi- 
cients in the tensor square of the centre of Y(0[jy) and leading term 1 such that 
tta ®id {V{z)) = k\®Dx{z) for any Young diagram A . Then due to Proposition 3.2 
and Corollary 3.5 it will suffice to put 7^(^) = S{z) T>{z). 

Let each of the indices di,d2, ■ ■ ■ run through 0, 1, 2, . . . but only finite number 
of them differ from zero. Put di + d2 + ■ ■ ■ = d. Introduce the formal series in z~^ 

(3.19) /di,d„...(^)= Yl {c, - z)-^K . . {cn - z)-'- 

where the sum is taken over all the sequences si, . . . , of the numbers 0, 1, 2, . . . 
such that the multiplicities of 1,2,... are di,d2, ■ ■ ■ respectively. Then by (3.17) 

(3.20) Dx{z)^ Yl fd,,d2,...{^)-AtAi^... 

di,d2, ••• 

where the sum is taken over all sequences di,d2, ■ ■ ■ such that d ^ n . 

Now let the indices di,d2, ■ ■ ■ be fixed but the number n and the diagram A 
vary. For each i = 1, . . . ,N denote by Aj the length of i-th. row of the diagram A . 
Let fx^ be the coefficient of the series (3.19) at z~^ . It depends on A as a fixed 
polynomial of 

c[ + ... + <; r = 0,l,2,.... 

So /I*'' can be expressed as a fixed symmetric polynomial in Ai — 1, . . . , Aat — . 
Therefore it is the eigenvalue in the gl^ -module Vx of a certain element Fg of 

tVip ppntrp VJnl^A nf t.Vifi a.lcrfihra. TTfnl,,^ whirh dnps nnt. dfinfind nn tViP diacrram \ 
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Note that by (3.19) we get f[^' = if s < di + 2^2 + • • • whatever A is. Hence 
for any s < di + 2d2 + . ■ ■ we have Fg = . For di = d2 = ■ ■ ■ = we have Fq = 1 . 

The image of the centre of the algebra Y(g[^) with respect to the evaluation 
homomorphism tt coincides with Z(0[^) . Indeed, the images 7t{Di), . . . ,tt{Dn) 
of the coefficients of the quantum determinant D{u) generate the centre Z{qIj^) 
of the algebra U(0[^) ; see [C,HU]. So we can choose a central element of Y(gljY) 

Moreover, we can assume that for any s < di + 2d2 + ■ ■ ■ this element is zero. If 
di = d2 = . . . = and s = we can assume that this element is 1 . Now set 

where the inner sum is taken over all sequences di, 6^2, • • • with di+2d2 + ■ ■ ■ ^ s . 

(s) 

Consider with fixed di,d2, ■ ■ ■ as a polynomial in Ai, . . . , Aat . To prove 
that TTx (8) id {V{z))= id® Dx{z) for any diagram A it remains to show that this 
polynomial vanishes when the diagram A satisfies the condition n < d; see (3.20). 

Observe that the coefficient f[^^ of the series (3.19) has the form of the sum 

J2 {n-k)...{n-d)-gf^ 

where g^^"^ depends on A as a certain symmetric polynomial in ci , . . . , and 
belongs to the ideal generated by the k -th elementary symmetric polynomial 

l^ii<...<ifc^n 

Let US express the latter sum as a symmetric polynomial in Xi — 1, . . . ,X]sr — N . 
We will denote this polynomial by bk{Xi, ■ ■ ■ ,Xn) . It suffices to demonstrate that 
bk{Xi, . . . ,Xn) = when the diagram A satisfies the condition n < k . We will do 
that by the induction on the difference k — n — 1,2, . . . . 

If A is a diagram with tt. ^ 1 boxes then 6^(Ai, . . . , Ajv) — ci . . . = . Indeed, 
then there is at least one box on the main diagonal of the diagram A . The content 
of this box is zero. Further, suppose that A is a diagram such that Ai > . . . > Aat • 
Then due to 

J2 6fc(Ai,...,Ajv)w""'^ = n + 

we have for any i = 1, . . . ,N and k = 1, . . . ,n the relation 

bk{Xi, . . . , Ajv) = bk{Xi, . . . ,Xi + 1, . . . ,Xn) — {Xi — i + 1) ■ bk-i{Xi, . . . , Aat). 

With the fixed index k this relation must be valid for any Ai, . . .,AAr e C. In 
particular, if A is the empty diagram then 6i(Ai, . . . , Ajv) = 0. The latter fact 
provides the base for our induction. Furthermore, we have already established 
that bk{Xi, . . . , Atv) = when n — k ^ 1 . Now for each k ^ 2 the above relation 
along with the inductive assumption implies that bk{Xi, . . . ,Xn) = for any Young 
diagram A with less than k boxes □ 
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Now let m be an arbitrary positive integer and /i be any Young diagram with 
m boxes. Equip the set of all pairs {k, I) where 1 ^ k ^ n and 1 ^ I ^ m with 
the lexicographical ordering. Let di be the content of the box with I in the column 
tableaiix M° of shape fi . Consider the rational function of z 

R\n{z) = {Fx ® id) ■ JJ Rk,i+n {ck ,di + z)- (id ® F^) 

(fc,o 

valued in End(C'^)®("'"'"'") where the factors corresponding to the pairs (k, I) are 
arranged with respect to the above ordering. By Theorem 2.2 and by the relations 
(2. 2), (2. 3) any value of R\^{z) is divisible on Fa ® id on the right and on id ® 
on the left. Thus we can regard R\^{z) as a function valued in End(VA)®End(Fp) . 
We have the following corollary to Proposition 3.1 and Theorem 3.6. 

Corollary 3.7. We have the equality nx (TZ{z)^ = R\^(z) . 

In the next section we will be considering behavior of the function R\^[z) at 2 = 0. 



§4. The estimation theorem 

Let any two Young diagrams A and n consisting respectively of n and m boxes 
be fixed. As before, we will denote by and the contents of the boxes with 
k in the column tableaux A'^ and M*^ respectively. We will employ the elements 
$A £ C-iS'n and $^ G C-Sm determined by (2.1). Let us equip the set of all pairs 
{i, j) where 1 ^ i ^ n and 1 ^ j ^ m with the lexicographical ordering: 

(4.1) (1, 1) ^ . . . ^ (1, m) ^ ^ (n, 1) ^ . . . ^ (n, m). 

We will regard Sn as a subgroup in Sn+m with respect to the standard embed- 
ding. The superscript ^ will denote the embedding of the group Sm into Sn+m 
determined by assigning to the transposition of j and k that of j + n and k + n . 
Let 2; be a complex parameter. Consider the rational function of z valued in the 
group ring C-Sn+m 

(4.2) $am(^) = • n ' + ^) • *M 

(id) 

where the factors corresponding to the pairs are arranged with respect to 

the ordering (4.1). Let r be the number of the boxes on the main diagonal of the 
diagram A . This number is called the rank of the diagram A . 

Theorem 4.1. The order of the pole of ^\^{z) at z = does not exceed the rank 
r of X . This order does not exceed r — 1 if the diagram A is not contained in fi . 

Proof. When estimating order of the pole of ^\fj_{z) at 2 = we employ arguments 
similar to those already used in the proof of Proposition 2.12 but more elaborated. 

The factor (pi,n+j {ci, dj + z) in (4.2) has a pole at 2; = if and only if the num- 
bers i and j stand on the same diagonals of the tableaux A^ and M'^ respectively. 
That pole is simple. We will then call the pair singular. Let us confine every 
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i) If J = 1 then the pair itself makes a segment. 

ii) If J 7^ 1 and j is not in the first row of then the two pairs (z, j — 1) , 
form a segment. Note that j — 1 stands straight above j in the tableau M*^ . 

iii) li j ^ 1 appears in the first row of M'^ then the corresponding segment is 

(4.3) + 

where the number k is next to the left of the number j in the first row of M*^ . 

Within each of these segments (i, j) is the only one singular pair, and all segments 
do not intersect. Note that the number of all segments of type (i) is exactly r . 

Consider the segment (ii) where the singular pair (i, j) is fixed. Here we have 
Ci = dj = dj-i — 1 . By Corollary 2.8 the element of the group ring C-Sm is 
divisible on the left by (fj-ij{dj_i , dj) . Therefore due to the relations (2.2) and 
(2.3) in C ■Sfi^-ui the rational function of z 



(4.4) Yl Vp,q+n{Cp,dg + Z) 



is divisible on the left by ipj-i^ri,j+n{dj-i , dj) ■ But by Lemma 2.11 the product 

'PiJ-l+niCi , dj-i + z) (pi,j+n{Ci , dj + z) (p j-i+n,j+n{dj-l , dj) 

is regular at the point z = . Thus when estimating from above the order of the 
pole of (4.2) at z = , the factors of type (ii) do not count. 

Now consider the segment (iii) where the singular pair {i,j) is again fixed. Here 
we have Ci = dj = dk + I ■ By Corollary 2.5 the element of C-Sm is divisible 
on the left by 

(pqj{dq,dj) ■ (pkj{dk,dj). 

k<q<j 

Therefore due to the relations (2.2) and (2.3) the rational function determined by 

(4.4) is divisible on the left by 

(4.5) n 

idg,dj) 

^ k+n,j+n 

{dk,dj) 

k<q<j 

Consider the product of the factors in (4.2) corresponding to the pairs from the 
segment (iii). Multiplying this product on the right by (4.5) we get 



Vi,k+n{Ci,dk + Z) ■ Yl '^i,q+n{Ci,dq + Z) ■ ipij+ri{Ci,dj + Z)X 
k<q<j 

Y\ ¥^q+n,j+n {dq , dj) ■ (fik+n,j+n {dk , dj) = JJ^ (p q+n,j+n {dq , dj) X 
k<q<j k<q<j 

Vi,k+n {Ci ,dk + z) (Pi,j+n {Ci , dj + z) (pk+n,j+n {dk ,dj) • JJ^ Vi,q+n {Ci ,dq + z) 
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where we again used the relations (2. 2), (2. 3). The rational function at the right 
hand side of the latter equality is regular at 2; = by Lemma 2.11. Thus when 
estimating the order of the pole of (4.2) at z — , the factors of the type (iii) do 
not count either. This completes the proof of the first statement in Theorem 4.1. 

The proof of the second statement is similar but more involved. As before, denote 
by X'g and n'g the lengths of the s -th columns of the diagrams A and /j, respectively. 
Assume that the diagram A is not contained in /j, . We shall demonstrate that when 
estimating the order of the pole of (4.2) at 2; = , we may exclude from counting 
the factor corresponding to the singular pair (1, 1) as well as those corresponding 
to the singular pairs with i ^ 1 . 

Fix the minimal number s such that Ag > //^ . Let ii, . . . ,is and ji, ■ ■ ■ ,js be 
the first s numbers in the first rows of the tableaux A*^ and M'^ respectively. Of 
course, here i\ = ji = 1 . Denote jig — 1 = t so that the numbers in the s-th 
column of M*^ are jg, + 1, . . . , + t . The singular pairs 

(n,ji), ■■■,(««, is) and (is + l,is + l),...,(is+t,js + t) 

will be called special. We will now proceed in several steps. 

I. Let us reorder the pairs («,j) in the product (4.2) as follows; this reordering 
will not affect the value of the product due to the relations (2.3). Namely, for each 
z = , + 1, . . . ,Zs + t change the sequence of pairs 

where j = js ■, js + ^1 ■ ■ ■ ijs + t respectively, to the sequence 

(i + 1, 1), . . . , (i + 1, j - 1) , (i, j) , {i + 1, j) , (i, j + 1), . . . , (i, m). 

The latter reordering preserves all the segments (i-iii) except for the segment with 
{isijs) and the t segments of type (ii) 

{is + q,js+q-i), {is + q,js + q); q = l,...,t. 
Instead of these t + 1 segments we will introduce the segments in our new ordering 

(4.6) {is + q,js + q),{is + q + i,js + q); q = 0,l,...,t. 

Observe that here 

djs+q = Ci^+q = + 1. 

Moreover, by Corollary 2.8 the element ^\ of C-Sn is divisible on the right by 

As well as in the proof of the first statement of Theorem 4.1, but by making 
now use of Lemma 2.1 we can now exclude from our counting the factors in (4.2) 
corresponding to each of the special singular pairs 



{is + q,js + q); q = 0,l,...,t. 
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II. Suppose that s > 1 . Note that by our assumption Xi._i ^ ■ Denote 
is = h js = j, is-i = h, js-i = k and jg-i + A^_i -1 = 1. 

On the left of the next picture we show the (s — l)-th and s-th columns of the 
tableau A'^ while on the right we have the same columns of the tableau M*^ . 



h 


i 



















Observe that in this notation the segment of in (4.1) was exactly (4.3). 

Let us perform further reordering of the factors in (4.2). Consider the subse- 
quence in (4.1) consisting of all the pairs {p, q) such that 

(h, k) 4 (p, q) 4 (i, I) ; 

this subsequence has been not affected by reordering at the previous step. Let us 
now consecutively take the pairs (p, q) with h < i and n < q ^ m to the left 
of that subsequence. Then take the pairs {p, q) with h < p ^ i and 1 ^ q < k to 
the right. Between them will remain the sequence 

{h,k),...,{h,l),{h + l,k),...,{h + l,l),...,...,...,{i,k),...,{i,l). 

This reordering does not alter the value of (4.2) again due to the relations (2.3). 
It does not break any of the new segments (4.6). It also preserves all the segments 
(i-iii) except for those containing the singular pairs and {h, k) . The factor in 

(4.2) corresponding to (i, j) has been excluded from our counting at the previous 
step. By Corollary 2.5 the element $a of C-S'n is divisible on the right by 

h<p<i 

Note that here dk = Ch = Ci — 1 . Therefore by using Lemma 2.1 along with the rela- 
tions (2.2) ,(2.3) we can exclude from our counting the factor in (4.2) corresponding 
to the pair (/i, k) as well. This ends the second step. 

Let us now repeat the last step for s — 1, . . . , 2 instead of s . Then all the factors 
in (4.2) corresponding to special singular pairs will be excluded from our counting. 
In particular, the factor corresponding to (1, 1) will be excluded. The segments 
(i-iii) with non-special singular pairs will be preserved by every reordering. So 
we will exclude from counting the factors in (4.2) corresponding to all non-special 
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the proof of the first statement of Theorem 4.1. The proof of the second statement 
is now also completed □ 



§5. Higher Capelli identities 

Let any two positive integers N and M be fixed. In this section we will consider 
invariants of the action of Lie algebra gtjv ^ ^^e space VD of differential 

operators on C^<^C^ with polynomial coefficients. Let the indices z,j and a, 6 
run through 1,...,A^ and 1,...,M respectively. Let Xia be the standard coordi- 
nates on the vector space C^® C^''^ . We will define the actions of gljy and qI^ 
in the space V of polynomial functions on C^® by 

(5.1) Eij ^ ^ Xibdjb and Eat ^ ^ Xjadjt 

b j 

respectively. Here djb is the partial derivation with respect to the coordinate xji . 
We have the irreducible decomposition [HU] of the gl^ x gtji^ -module 

(5.2) P = e Vx^Wx 

A 

where A nms through the set of all Young diagrams with 0, 1, 2, . . . boxes and not 
more than M,N rows. Here Wx is the irreducible gljy^ -module corresponding to 
the diagram A . Thus the action of qI^ x qIm ^ multiplicity- free. 

The space V of differential operators on C"^ ® with constant coefficients 
can be regarded as the 0^7v ^ gljvf "^^odule dual to V . Hence the space I of all 
the X gljv^ -invariants in 

(5.3) VV = V®V 

is a direct sum of one-dimensional subspaces corresponding to the diagrams A 
with not more than M, rows. Denote by Xx the one-dimensional subspace 
corresponding to the partition A . Let us give an explicit formula for a non-zero 
vector from Xx ■ Suppose that the diagram A consists of n boxes. Let XA be the 
character of the irreducible Sn -module Ux ■ Consider the element of VT> defined 
by (1.1). We will denote this element by cx ■ 

Proposition 5.1. We have cx & Xx ■ 

Proof. Consider the glpf x gljy^ -submodule in V formed by polynomials of the 
degree n . This submodule can be identified with the subspace of invariants in 

(C'^)®"' (C"^)®"" with respect to simultaneos permutations of the first n and the 
last n tensor factors. The permutation a of the first n tensor factors corresponds 
to the map 

in V . We have the irreducible decomposition of the Sn x glp^ -module 
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where A runs through the set of all diagrams with n boxes and not more than N 
rows. So the image of the map 

^1 ■ ^*o.-i(i)ai • • • ^i^_i(n)a„ 

in V is the subspace V\ ® W\ if the diagram A has no more than M, N boxes. 
The element cx in (5.3) is the image with respect to the map 77 (8) id of 

^ ^ ^ ] SJj^aj . . . Xi^an dij^ai • • • di^a^ • 

The latter element of VT) is manifestly glj^ x glj^ -invariant □ 

Extend the action (5.1) of the Lie algebra in V to the universal enveloping 

algebra U(gl^) . The subspace of qIj^ x gl^ -invariants in W coincides with the 
image of the centre Z(gl^) of the algebra U(gl^) ; see [HU]. We will point out an 
element ex G Z{qIj^) whose image is cx ■ Let •0^ '-^{d^N) — ^ C be the trace of the 
representation ttx ■ Consider the element 

VA®7^(7^(^)) eU(0U) [[z-']] 

where tt is the evaluation homomorphism (3.3). Then due to Theorem 3.6 the 
product (1.3) is a polynomial in z. Denote by 6^(2;) this polynomial. The following 
general observation goes back to [D2] . 

Proposition 5.2. The coefficients of the polynomial ex{z) belong to Z(£|[jv) . 

Proof. Consider the universal enveloping algebra \J{qIj^) as a subalgebra in Y(gljY) • 
Every element of this subalgebra is invariant with respect to the automorphism 
for any z E C. Furthermore, restriction of the comultiplication (3.4) to \J{Qlpf) is 
cocommutative: 

Therefore by the definition of the series TZiz) for any Y e gl^ the commutator 

[n{z),Y®l + l®Y] =0. 
By applying the map '4>x®t^ to the latter equality we obtain that 

[V'A®7^(7^(^)),F] =0 □ 

The next theorem is the main result of this section. Denote by ex the value 6^(0). 

Theorem 5.3. The image in VD of the element ex G Z[q{j^) is cx- 

We will present the main steps of the proof as separate propositions. First let us 
give an explicit formula for the polynomial in z valued in End(VA) ® U(5^Ar) 

(5.4) Ex{z) = TTA (8) TT{n{z)) ■{Z-Ci)...{z- Cn) 

A„ 11 u„f 1 , 1 T7i„j/TZ ^ „ „,,u„i„„i ;„ T7l„J/'^^'A^^(5?)n 
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Introduce the element 

E= J2 ^ji ® ^ End(C^) U(0[^) 

where the indices i, j run through 1, . . . , . For s = 1, . . . , n we wiU write 

Es = is^ id (E) e End(C^)®" (g) U(0tjv)- 
Then due to Theorem 3.6 and the definition (3.3) 

(5.5) Ex{z) = id ® n{Tx{z)) ■ (z - ci) . . . (z - Cn) 

= Fx®l-{Ei+Z-Ci)...{Er, + Z- Cn). 

Let tr denote the standard matrix trace on End(C-^)®" . By definition we have 

(5.6) exiz) = tv^id{Exiz)). 
Denote by D the element of the algebra End(C^)®" O W 

Consider the product Cx = Fx<Si 1 ■ D. We will employ the following observation. 
Proposition 5.4. We have the equality cx = tr ® id{Cx)- 

Proof. For any F from the image of the symmetric group Sn in End(C^)®"' 
the elements F 1 and D of the algebra End(C-^)®" ® VD commute. Thus 
Proposition 5.4 follows from the definition of cx and the identity in C-Sn 

By Proposition 5.4 and the equality (5.6) the next proposition implies Theorem 5.3. 

Proposition 5.5. The image of Ex{0) in End(C^)®" (g) is Cx ■ 

Proof. Consider the standard gradation on the vector space W by the degree of a 
differential operator. Extend this gradation to the vector space End(C^)®'^ ® . 
Denote the image of Ex{0) in that space by C^. Due to (5.5) the leading term 
of Cx coincides with the homogeneous element Cx ■ Thus it remains to show that 
the element Cx is homogeneous as well. Due to (5.2) it suffices to check that for 
any Young diagram /i with less than n boxes 

(5.7) id®7r^(EA(0)) = 0. 

In this case the diagram A is not contained in /x . The number of zeroes among the 
contents ci , . . . , of the boxes of the diagram A is exactly its rank r . So by the 
definition (5.4) the equality (5.7) follows from Corollary 3.7 and Theorem 4.1 □ 
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